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A molccular field theory of the smectic A and smectic C phase is presented which is
based on an interaction derived in terms of the molecular polarizability, its anisotropy
and the components of the static molecular quadrupole tensor. It is shown that this
attractive interaction strongly depends on the anisotropy of the excluded molecular
volume. The results obtained explain the stability of the A phase. the appcarance of
the tilt in the C phase and the A-C phase transition, without resource to adjustable
parameters which indeed have no molecular significance.

Keywords: liquid crystal, phase transition, molecular theory, mean field
approximation, smectic A phase, smectic C phase

I. INTRODUCTION

In the molecular theory of Maier and Saupe for the nematic phase,!
the orientation—dependent interaction is described in terms of a well
defined molecular property, i.c. the anisotropy of the molecular po-
larizability. The interaction derived however only depends on the
relative orientation of two molecules and not on their relative posi-
tion. Such interaction, appropriate indeed for orientational order
only, cannot account for a coupling between orientational and trans-
lational order as does exist in the smectic phase. A molecular theory
for the smectic phase therefore requires an additional interaction that

tPaper presented at the 11th International Liquid Crystal Conference, Berkeley.
June 30-July 4. 1986.
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accounts in a natural way for such coupling again in terms of well
defined molecular properties. Usually however a model interaction
is proposed, which prescribes the relative orientation and position of
the molecules without resource to their properties except for some
relationship with the Maier-Saupe interaction. As such an approach
cannot be classified as a molecular theory we show in Section II that
a proper molecular interaction can still be derived according to the
procedure of Reference 1, with due regard however to the symmetry
of the distribution of the centres of mass of the molecules. In the
smectic phase this symmetry is reflected by the one-dimensional lay-
ered structure, which is shown to be strongly dependent on the shape
anisotropy of the molecules. In section III we demonstrate the sta-
bility of the smectic A phase with respect to a tilt of the director. In
section IV we show that the interaction between the molecules in
terms of their static quadrupole moments may give rise to an A-C
phase transition according to the rules.? Finally, in section V we
discuss the results in connection with existing ‘“‘molecular” theories.

. THE SMECTIC A PHASE

The description of the attractive forces between the anisotropic mol-
ecules constituting the various liquid crystal phases is based on a
multipole expansion of the electrostatic energy v/ of the charge dis-
tributions I, ¢, of these molecules. Quite generally one has with
2,¢, =0and R, = R + ri:

o @0 (1Y 18 2 b (1
= PP op R \R) T 279 3R aRL R \R
<] B Y

1

| -
+ t + =Gl 0 —— i 1
ranspose + 7 qup8ys R’ 3R R} Ry <R) (1)

]

Vih + Vi + Vi, + Vi

Here pi, = X, el(r}), and giz = 2, el(rl),(r})s are the dipole mo-
ment and the quadrupole moment respectively of the charge distri-
bution of the i-th molecule; ('), is the a~component of the radius
vector of the charge ¢, with respect to the origin of a molecular fixed
coordinate system x, y, z. The position of that origin, defined as
centre of mass, with respect to the origin of a fixed macroscopic
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coordinate system X, Y, Z is described by the radius vector R' =
(R%, R, R,). The relative position of two molecules i and j is de-
scribed by the vector R¥ = R’ — R = (R¥%, Ry, R%).

For ease of notation RY = |RY| and RY will be denoted as R and
R, respectively. Repeated subscripts a, f etc., which all refer to the
macroscopic coordinates X, Y, Z, indicate a summation over the
corresponding components. The theory of the isotropic—nematic phase
transition in terms of attractive forces is based on the second-order
perturbation energy V(pp) of the dipole—dipole interaction, i.e. V(pp)
o« — (Vir, Vii).! The theory of the spontaneous twist occurring in
the cholesteric, i.e. twisted nematic phase, is based on the second-
order perturbation energy V(pg) of the dipole-dipole and dipole-
Quadrupole interaction, i.e. V(pq) « — (Vi Vi7).> The way in which
V(pq) can be incorporated to describe the twist in the chiral C phase
will be presented in App. B. In order to explore the properties of
V(pp) exhaustively we recall that using Eq. (1) the dipole—dipole
interaction can be written as®

D 3RRN 1
Vi = Pall <5m' - T) o PopiConr (2)

The second-order perturbation energy V{(pp) is accordingly obtained
asl34

V(pp) = —(aB)('B")Cour Copr G)

where (aB)(a’B") is a shorthand notation for a long expression, that
is,

(aB)(@'B") = 2, (olpv): (Wlpglo) ©lpurl; (lparlo)/ Edy o (4)

In Eq. (4) the summation is over all excited states v and p with
energies E\, and E/, such that EY, = E, + E/, — E, — E, # 0. A
useful approximation for Equation (4) which shows at once the re-
lationship of Equation (3) with the isotropic v/d Waals interaction
is%:

(aB)(a'B") = Toggad sy (5)

Here I is an average molecular ionization potential and o is the of3-
component of the molecular polarizability tensor a defined with re-
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spect to the macroscopic coordinates X, Y, Z. The notation used in
Equation (3) and defined in Equations (4) and (5) is not only very
tractable but also clearly reflects the transformation properties of the
quantities (aB), which are the same as those of the corresponding
coordinates af3. The orientation dependence of (af) is defined ac-
cordingly; considering for instance the component (ZZ) one may
write:

(2Z) = (xx) xz + (y) y3 + (22) 75 (6)

where x,, y, and z, are the direction cosines of the molecular x, y
and z-axes respectively with respect to the macroscopic Z-axis. The
quantities (xx) etc. are still defined by Eqgs. (4) and (5) where, how-
ever, a, {3 then refer to the molecular coordinates x, y, z. The ori-
entation of the molecular coordinate system with respect to the mac-
roscopic coordinate system in terms of the direction cosines can also
be described by the Euler angles ¢, 4, U; in the following this ori-
entation will be denoted by the one symbol Q@ = (¢, ¥, ). The
relation between the direction cosines and the Euler angles is given
in Appendix A.

An important feature of Equation (3) is the coupling of the ori-
entation-dependence of the interaction to the relative position of the
molecules through the matrix elements C,,- and Cgy- defined as a
function of Ry,R, and R.

In order to reduce Equation (3) to a tractable form V,,, = V({¥,
(¥, R) will be used for a mean field approximation in which the precise
interaction V! = X, V(£, ¥/, R) of one molecule with all others
will be approximated by a suitable averaged interaction. This ap-
proximate interaction, called mean field interaction, is written as

V@ R) = —p [dR [d0 0, RYBY @BV Cour G ()

where p is the density and where the normalized one-particle distri-
bution function in turn is defined in terms of the mean field, that is

AQ, R) = exp(~ V(Q, RYKT) / f dQdR exp(— V(Q, RYKT) (8)

In the smectic phase the distribution of the centres of mass of the
molecules is periodic along the layer normal once and for all to be
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along the Z-axis. The distribution of the centres of mass, being a
function of R, only, can be considered as rotationally symmetric with
respect to that axis. So we have®

Q. R) = flQ, Rz) = f(Q) + fi(Q) cosgRz + ... (9)

where f,(Q) = 1d. [ dR; f(Q, Ry), fi(Q) = 2/d. [ dR, f(), Ry)
cosqR,, g = 2w/d and d is the layer thickness. We also change the
variables, that is Ry = rcos &, R, = rsin ¢, R* = r? + R}, dR;,
> dR = dRy. rdr. dd and C,z = C,g(R,, r. ). The integration
over ¢ in Equation (7) is elementary; the result can be written as

2P (RZ/R)

fd¢ Cuat e BY@BY = 3 AL (10)

where P,(R,/R) is the n-th order Legendre polynomial. The corre-
sponding orientation—dependent contributions A, are found to be

A, V) = § ay (@) (V) + 55 3(Q)B() + 1 ex(D)e (V)

+ 16 O (Xl Y) + Xvz( X)Xy 2(¥) + Xzx(Q)Xzx (V)
(11)

A, ) = 3 (a2)35(V) + 3Q)aA))
= 7 8(Q08,(Q)) + 3 (e(Q)e() + (Xvx(Q)xwx(¥)  (12)
= 3 (v D)Xy () + Xzx(¥)x2x())
AQLY) = £ 8,(0)5,(Q))
+ 35 (e2(Q)ez (¥ + xxAQ)Xxr(SY))
= B Xz D)Xr2(Y) + Xzx(Q@)xzx(¥))  (13)
where the following abbreviations have been used
a)az = (XX + YY + ZZ) d) xxy = 2(XY)

b) S, = (ZZ) — XXX + YY)  e)xyz = 2(YZ) (14

c)e; = (XX — YY) f) xzx = 2(ZX)
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After substitution of Egs. (9) and (10) in Eq. (7) and putting
cosgR; = cosqR; cosqgR, + . .. the latter can be written as

V(Y. R) = V@) + Vil (@, RY)
=~ 3P, a0 @) A )
~ cosqR;, 3 P, |4t (@) A, ) (15)

where

21p f dR, f rdr P,(R,/R) R—° (16)

~
i

o
Ju
i

2mp dez err P,(R,/R)R~5 cosqR, 17

The first part of the r.h.s. of Equation (15), determined by f,(Q),
describes orientation—-dependent interaction only and is typical of the
nematic phase; the first term [dQ/ f ()AL, &) in V() cor-
responds to the interaction derived in Reference 1. In the second
part of the r.h.s. of Equation (15), determined by f,(2) = 2/d. [§
dR; f(Q, Ry) - cosqR, the orientation—dependence of the interaction
is coupled to the translational dependence. This interaction denoted
as Vg, (Q, Ry) is typical of the smectic phase and will be our main
concern. To have an easy start we first consider uniaxial orientational
order with respect to the layer normal. Quoting the resuits from
Appendix A we have

a) (XX)

i

(YY) = al'? — 13I"2P,(cos?d)
b) (ZZ) = al'? + 3BI'2P,(cosV) (18)
) (XY) = (YZ) = (ZX) = 0

and according to Equation (14)

a) ay = 3all?

b) 8, = BI'2P,(cosd) (19)

C)EZ:XD(B =0
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where a = ¥(a,, + a,, + a,,)and d = a,, — 3(a,, + @) are the
molecular polarizability and the anisotropy thereof respectively.
Introducing the order parameters,’

= [dQ [dR, f(Q, R;) P,(cosD) (20)
T = [dQ [dR, f(Q, R;) cosqR; (21)
= [dQ [dR, f(Q}, R;) P,(cos¥) cosgR, = ny1 (22)

the averaged mean field (Vg,) = [dQ [dR; f(Q, R,) V,(Q, R,) is
after substitution of Equation (19) in Equations (11), (12), and (13)
and subsequent substitution in Equation (15) obtained as

5252
(Vs = —1(6( 7 + % cP, + 4(0L80'T

522

T )CP2 + £ §%° CP) (23)

which, despite the easy start, is quite an expression. In order to show
the relevance of the various contributions we have to consider the
quantities c¢P, in more detail. From the definition of the mean field
it may be clear that the integration in Equation (7) and consequently
in Equation (17) is over all space with the exclusion of the volume
denied by the central molecule to all others®’: the molecules are
impenetrable. This excluded volume can in a first approximation be
described as an ellipsoid of revolution around the common direction
of alignment, i.e. the director; see Figure 1. With the director along
the Z-axis the ellipsoid is described by

PR
ﬁ*f‘“l (24)

where a and b are the semi-axes. So we find that for |R,| < a = d

there is a lower bound r, for r given by 1§ = b> — b?R%/a?, whereas
for |R,| = a one has 0 = r = ». Eq. (17) can then be written as

cP, = 41'rpf dR, CoquzJ'0 rdr P,(R;/R) R=°
’ (25)

+ 4mp | dR; cosqRz f rdr P,(R,/R) R=¢ (25)
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where the integration over r is elementary. With the notation cP, =
nwpC,/a* the numbers C, come to the fore as

]

a) Cqg = ¢o + c(B)

b) G = 3(c0 — e(0) + 2c(1) 26)

) C,y = %(co + 6c(0) — 40c(1) + 35¢(2))
where

Co = a3f dR, R;* cosqR, = ﬁ dx x~* cos2mx = 0.064 (27)

a b2 —(2+m)
co(m) = & LdRZ <b2 + (l - ;)RZZ) RZ" cosqR,

a 2m+2) 1 a2 ~(2+m)
=13 — - 2 2m
(b) L dx (1 + (bz 1>x ) X2 cos 2mx  (28)

with ¢ = 2n/a and a = 4.

The importance of the anisotropy of the excluded volume is ap-
parent when we consider the dependence of the C, on the ratio a/b.
The results of the numerical calculations are shown in Table I.

Striking are the strong increase of C, and the corresponding de-
crease of C,, which indeed becomes increasingly negative with in-
creasing a/b; the dependence of C,, on a/b is moderate. To appreciate
the magnitude of these numbers we quote the fact that P, in Eq. (15)
which determines the main contribution to V, that is (V) = — 2l/
15 P,8*n?, is equal to 4mp/3a?; the C, are then compared with 4/3.

Using cP, = mpC,/a® = 3pv,, C,/4d°, vy, = 4ma’/3, and rearranging
terms, Equation (23) can finally be written as

9C, [ a2 od
<VSA> = ——pvsp,l<—2—0 (21_3) T2 + 3C2 ;(:UT
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TABLE 1

alb C, C, C,

1 0.064 0.083 0.082
1.1 0.046 0.066 0.133
1.2 0.035 0.034 0.197
1.3 0.037 —-0.014 0.275
14 0.056 —0.081 0.368
1.5 0.10 —0.168 0.473

Now we note that (V,) contains contributions proportional to 72, To
and o? respectively; the necessity to have all these various terms
together has indeed been recognized.>#%-1%!1 One may also infer from
Table I that the absolute and relative weights of the various contri-
butions strongly depend on the ratio a/b; the preponderance of C,o?
over Cyo?, usually considered only, is neverthel=ss apparent. A fur-
ther discussion will be given in Section V.

lll. THE STABILITY OF THE SMECTIC A PHASE

To discuss the stability of the smectic A phase with respect to a tilt
of the director we consider again Eq. (15) for the mean field. In
deriving that equation it was assumed that the distribution of the
centres of mass of the molecules is rotationally symmetric around the
layer normal, without specifying the direction of average alignment.
In the previous section the director was assumed to be along the layer
normal. Now we consider orientational order with respect to a tilted
director.

In addition to the X, Y, Z coordinate system we then introduce a
rotated coordinate system X', Y’, Z’ defined by

X=X
Y=Y cosow + Z' sinw (30)
Z =2 cosw — Y sinw

where the Z’-axis is considered to be along the director. Applying
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this transformation to the tensor components («f) in Equation (14),
it is easily verified that

a)d, + e, = (B + 1€,:)C08 20 — X 1y SN 20 > 8,1 oS 20
b) Xxyz = (8 + %Gzl) sin 20 + Xyrz €08 20 = &, sin 2w
C) Xzx = Xz'x' COS ® —~ Xxy Sin 0 0 (3D

d) Xxy = Xx'y' COS w + Xz'x' sin w 3 0

and
az = OLZ/, SZ - %EZ = 82’ b %ezl ? 82' (32)
Here 8," = (Z'Z') — 3(X'X’ + Y'Y’) etc. The arrows in Egs. (31)
and (32) apply when we assume that the orientational order is uniaxial
with respect to the director; this assumption, generally accepted but
not essential, keeps the formalism tractable. The transformation
properties of the A, defined in Egs. (11), (12) and (13) come to the
fore when these quantities are rewritten as
Ay =303 + 5B, — 1€ + w((8; + 1) + x32) (33)

A, = %0‘2(82 - %Ez) + %(82 - %52)2

~ #((dz + s ex) + X}2) + (az — (3,

-3 €2)(d, + 3 €z) (34)
A4 = TZJ_O(BZ - %Ez)2 - %’((SZ + %52)2 + X%’z)
+ 18, — 3€,)d; + tey) + 13, + 1€2)% (35)

showing that only A, is rotationally invariant. Substitution of Eqgs.
(31) and (32) and putting cos 2w = 1 — 2 sin’w indeed yields

Ay = A} (36)
A, = A) — 2oy — 1d,0) sinw (37)

A, = A, — % 8% sin%0 + 98% sin‘w (38)
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where the A, are defined according to Eqs. (11), (12) and (13) in
terms of az/, 8, etc. with respect to X', Y' and Z'; o, = 3al'? and
8z = 8IY2P,(z,:) where z, = cos ¥ is the direction cosine of the
molecular z-axis with respect to the director along the Z’-axis. The
translational order v = (cosqR ) however, and consequently the coef-
ficients C,, c.f. Egs. (25), (26), (27) and (28), remain defined with
respect to the layer normal along the Z-axis. Since the excluded
volume v, is defined as an ellipsoid of revolution around the director,
Eq. (24) now reads

¥ R%

7 a§ = 1. (39)

Transformation of this equation yields the approximate result

2 2(R2Y = h2 (L bx o (@
R%Z + r(R%) b(1+x (b2 1)+ a(l x%) (b2

. 1(p> b*\\ [ a? -
- 1) sin ® + > <a2 - X (3 - a2>><b2 - 1) sin w) (40)

where in the r.h.s. the variable R /d has been changed into the var-
iable x, that is

_ R

b2
R —F'dzzxz-dzzxz-cﬁ(l*(l‘F)sin2w>- (41)

N

Upon substitution of Eqs. (40) and (41) in Eqgs. (27) and (28), re-
spectively, ¢, and c(m) become functions of sin w. In App. C it is
shown that the final result for the C, can be written as

C o) = C, — 8, sino. (42)

The numerically calculated values of S, are presented in Table II.
Proceeding as before, the additional contribution to the averaged
mean field energy for the tilted configuration, denoted as (3V,(w)),
is obtained from the Egs. (36), (37), (38) and (42) as

+

o T 2 o
BV, (w)) = %pvsp,l (S(, § ; + (Cz 3 Sz) g

54)%> (%) ot sin2e  (43)

(¥}

+(‘72C4+

)
Gl
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TABLE II
alb S, s, S,

1 0 0 0

1.1 -0.02 —0.04 +0.06
1.2 —0.01 -0.11 +0.11
13 4007 -0.20 +0.16
1.4 +0.22 -0.31 +0.19
1.5 +0.46 ~0.48 +0.22

where, as a reminder, T and o are the order parameters and «, c.q.
& are the molecular polarizability and its anisotropy respectively: c.f.
Eqgs. (22), (21), (19b) and (19a). To keep this equation within bounds
we have neglected the contribution (-5 C, + % S, — & S,) o/t
within the brackets which, indeed being small compared to (¥ C, +
# S,) o/v, does not noticeably influence the sign and magnitude of
that term. The values of the coefficients multiplying o/, o/ and
a*/a?7/8%g respectively are presented in Table III.

From the above we cannot leave out of account that for small values
of a/b the coefficient of sinw in Eq. (43) becomes negative; this is
for instance the case for 1 < a/b < 1.3 when we take o/t = n = 0.5
and o/8 = 3. However, disregarding such unlikely extreme values
one may conclude that with o/t = n = 0.7 and «/8 < 3 the coefficient
of sinw in Eq. (43) is positive. Then the A phase is stable against a
tilt of the director whatever the sign of the sin‘w term, which has not
been considered. It should be noted that the contribution of the (3
S, + C,) o/d term in Eq. (43), positive or negative dependent on a/
b, is of minor importance. This casts serious doubt on the validity of
the models proposed in [11], [12] and [13}, to be discussed in Section V.

TABLE 111
alb S, (s, +C2 25, +%c¢,

1 0 0 0.08 = 0.08 0 +012=012
1.1 -0.02 —0.03 + 0.07 = 0.04 0.02 + 0.23 = 0.25
1.2 —0.01 —0.07 + 0.03 = -0.04 0.04 + 0.34 = 0.38
1.3 +0.07 —0.13 + 0.01 = -0.14 0.05 + 0.48 = 0.53
1.4 +0.22 —0.20 + 0.08 = —0.28 0.06 + 0.63 = 0.69
1.5 +0.46 —030 = 0.17 = —0.37 0.07 + 0.81 = 0.88
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IV. THE SMECTIC C PHASE

It has been shown that the interaction between the permanent mo-
lecular dipoles as described in Eq. (1) by Vi/ is not adequate to
produce an A-C phase transition.? The same applies to the interaction
in terms of the inductive effect of the permanent dipoles; this inter-
action, denoted in'? as V,,, and proportional to ap?, is in fact part of
the interaction a8, described in Eq. (12). This point will be discussed
in section V. Therefore we will consider the perturbation of the A
phase due to the interaction between the static molecular quadrupole
moments, in Eq. (1) denoted as V?/. This interaction can be written
as

Vih = GntisTuss (44)

where T,g.5, the definition of which can be inferred from Eq. (1),
describes the coupling of the orientation-dependent interaction to the
relative position. To reduce this rather lengthy expression to a tract-
able form we proceed as in section I1. According to Egs. (7-10) we
define the mean field energy Vs (¥, R%) by

Ve, B)= p [0 [ar, 00, Ry [rar [d6 gis. s 1 49)

The integration over ¢ of all separate terms, yielding nonzero only
if these are even in both Ry and Ry, is easily done. Collecting the
results we find

21

o do qga‘]@ang,a = (UAZ(Qi)- AL(Y) + EZ(SY). Ex(V)

+ FXY(Qi)' FXY(Qj) - 4(Fy'z(9i)- FYZ(Qj)

@), Tty ) TR (46)
where

a) Az = g7z — 2qxx + qyy)

b) Ez = qxx — qyy (47)

) lap = 2upo @ # B = X, Y, Z.
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Here again, we consider orientational order with respect to a tilted
director. The transformation of the tensor components in Eq. (47)
according to Eq. (30) yields in lowest order of sin w.

a) A,

Il
g
N

]

Iy y. sin

b) E, = E;r ~ Tyrye. sin o

)Ty, =Ty + 28 + 3E,). sinw (48)
d) Ty = Lpryr — Tyryr. sin o

e)Iyy = Iyryr + Tpryr. sin

where Az, E;+, and '/ are defined according to Eqs. (47a—c) in
terms of g,/ etc. To reduce the number of terms in Eq. (48) we
first express the tensor components g,/ etc. in terms of the cor-
responding tensor components ¢, etc., defined with respect to the
molecular coordinate system x, y, z. The molecular model for the
interaction is depicted in Figure 1, from which one derives

a) q., = 2p cosa(c + d cosw) ¢) q,, = 2pd sin*u (49)
b) g,. = p sina(c + 2d cosa) d) g = Gy = ¢, = 0.
Retaining only the essential rotational invariants we then find
Egyr = Tyryr = Uyrzr = 0 (50)
and
a) AZ' = (qzz - %qu)(%z?z’ - %) = A PZ(COS ﬁ)
' (51
b) Fy;zf = (Zq},z)(yyl. ZZ') = F Q(Q)
where, as a reminder, z,» = cos ¥ and y,» = sing sim} cos®> § —

cose cosy are the direction cosines of the molecular z(y)-axis with
respect to the macroscopic Z'(Y')-axis. Here we want to stress the
appearance of a new rotational invariant y,.z, denoted as Q();
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FIGURE 1 (a) The molecular quadrupole moment in terms of two eccentric dipoles
of magnitude p = ed, the angle « and the distance c; (b) Part of the anisotropic
excluded molecular volume described by R* = b2 + (1 — bYa®)Ry, —a=R, = +
a.

c.f. Eq. (51b). Substitution of Egs. (50) and (51) in Eqs. (48a-c) and
subsequent substitution in Eq. (46) yields:

27

o dd)qguql{aTaBya = ~(:}’QZQ(QI) oY)
— 6A2P,(cos ). Py(cos &) + 15 TA (Py(cos ). Q(QV)  (52)

21P(R,R)

+ Py(cos §7). Q())) sin w> R

From Egs. (52), (45) and (9) the averaged mean field (Vs (w)) = p
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JfdR, [dQ £,(Q) Vs (Q, R, »). cosqR is obtained as
(Vsdw)) = —(BI*{cQ)* + 30TAo (cQ). sin w) cP,  (53)

where, analogous to Eq. (17) and Eq. (22) respectively,

P
2wpdezfd “(Z) qRZ=§9c4 (54)

2

and

(€Q) = (Q(Q). cosgR) = [dR,, [d0(0. R,) 0(©) cosgR,. (55)

Here f(Q), R,) is according to Eq. (8) defined in terms of the mean
field V(Q, R,) = V.. (Q, R;, o) + Vo (Q, R, w); in Eq. (53) we
have not considered the contribution due to A? which, being pro-
portional to a2, can be absorbed in (V). Minimizing the correspond-
ing averaged mean field energy (V(w)) = Vs, (0)) + (Vs (w)) with
respect to  one obtains from Egs. (43) and (53)

o = 5C(TA/@) {cQ) (56)

o 7 aT " - 5\’
2ls (ol + (G, + 38,) 5 + (¥C, + ¥Sy)o e 1

So we find that the tilt angle w, defined in terms of molecular prop-
ertics, I'A = 2q,.q,., depends on the existence of the new order
parameter (c(Q).

An approximate solution for {cQ), which demonstrates in a simple
way the existence of a second-order phase transition, can be obtained
in the usual way by expanding the free energy F = F(Vg,, V)
defined by??

F= —iN(Vg, + Vi) + NkT In j exp(—(Vs, + Vs )/kT)dQdR,

(57)
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in powers of Vj,.1%1%14 The procedure is straightforward and yields
F = F(Vg,) + Fg., where F_is obtained as

¢ _veeor )
Fg. = 2N<cQ>2( — kT [(kT)2 Ty ]) G8)

For ease of notation we have used the abbreviation

3mp C4 I 485

C = = 9pv,p Cy =%

(39)

The numbers u and v in Eq. (58) come to the fore asu = (QZ(Q)>A
= 3 ({cos*d), + (cos?¥)) and v = 3 (Q*(V)); — 3 (Q“(Q))A =&
(cos?V), {(cos*¥),, where the averages are defined with respect to
fVs,); c.f. Eq. (8). Minimizing Fs,_ with respect to (cQ) yields, apart

from {(cQ) = 0,
k 3
cor = (1) 2 () (60)

which shows a phase transition at T = T, . = uC/k, that is

2

Tsve = 9pvipuCi 2. (61)

At this stage it is important to note that C;, defined in Eq. (54) and
given by

Cy = 4 (c'(0) — 6¢'(1) + 5¢'(2)) (62)

where, analogous to Eq. (28),

4 2m+3 oy e —(m+3/2)
c¢'(m) = <B> L dx (1 + <§f 1) > -x¥m . cos2wx, (63)

is nonzero and positive, whereas [dR, [rdr P,(R,/R). R~>, which
determines V,, in the nematic phase, is zero. This shows that the
Quadrupole—quadrupole interaction is only effective once smectic or-
der is established. The dependence of C;, on (a/b) has been calculated
numerically; the results are given in Table IV. Here again, the strong
increase of Cj with increasing a/b is remarkable.
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TABLE 1V
alb 1 1.1 1.2 1.3 1.4 1.5
C, 0,064 0,112 0,164 0,236 0.308 0,384

V. DISCUSSION

The molecular field derived in section II on the basis of the dipole—
dipole interaction contains all terms that can possibly contribute to
the attractive dispersion energy in the smectic A phase. Apart from
the spherically symmetric contribution determined by A,, we have
found additional contributions determined by A, and A, which, not
being rotationally invariant, are essential to the stability of the A
phase. The possible role of the permanent dipoles in the dispersion
energy is apparent from Eq. (4) where the summation is over all
excited states v) of the combined system of two interacting molecules
such that E,,, # E;,. Then indeed Ow) and v0) are excited states of
the system, which implies that for instance a3, in Eq. (12) contains
contributions like (p)?8, and ap% where p c.q. p,, defined by (0}p|0)
and (0}p|0) respectively, refer to the permanent molecular dipole.
All terms in Eqs. (11), (12) and (13) contain similar contributions in
terms of the corresponding components of the permanent dipoles; a
separate derivation as presented in [12] seems superfluous. The effect
of an anisotropic excluded volume on the mean field has been taken
into account by imposing a lower bound to the intermolecular dis-
tance, depending on the relative position of the molecules. The nu-
merical results obtained for the C, « cP, demonstrate the great in-
fluence of the anisotropy of this excluded volume on the strength of
the various contributions determined by these coefficients. The pre-
ponderance of the term determined by 8°C, over the term determined
by 82C,, which indeed is apparent from Eq. (29) and Table I, has
not been recognized up to now. This contribution greatly enhances
the stability of the smectic A phase with respect to the nematic phase.
This contribution is also the main source for the stability of the A
phase with respect to a tilt of the director; this can be inferred from
Eq. (43) and Table III.

Despite the important role of the anisotropy of the excluded vol-
ume, this anisotropy is not the cause of the existence of the various
contributions to the mean field. As shown in section 1I, the terms
AP (R4R), n = 0, 2, 4 come to the fore quite naturally as a con-
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sequence of the symmetry of the complete pair interaction V(p,p),
Equation (3), in connection with the cylindrical symmetry of the
distribution of the centres of mass of the molecules.

The fact that the original theory of the smectic A phase in Ref.
15, being based on the spherically symmetric interaction A,P,(R,/R)
= A, only, is not adequate to that purpose has been recognized
before!®1112; indeed the absence of a coupling between the relative
orientation and position of two molecules, leaves the relative ori-
entation between the director and the layer normal totally undeter-
mined. The construction, however, of model interactions without a
proper derivation from the very beginning is not the appropriate way
to improve the situation. In Ref. 11 for instance a model has been
proposed to include steric effects. The mere addition to A,Py(R,/R),
however, of an interaction proportional to (P,(cos ¥%) + P,(cos ¥))
P, (Rz/R) cannot possibly, as discussed above, be considered as a
steric effect in a mean field theory. The requirement that this addi-
tional term in the pairwise interaction has a positive sign has no
physical basis and is in conflict with the result derived in Section 1.
The way in which steric effects can be accounted for in the transla-
tional entropy, not considered here, is discussed in Ref. 16.

In Ref. 12 excluded volume effects are taken into account by con-
sidering the pairwise interaction of two molecules in contact for three
discrete relative orientations defined with respect to the direction of
the intermolecular distance vector. The way in which these three
discrete orientations are used to define the continuum of allowed
orientations in the model interaction is rather unusual and cannot be
justified.

The formal expansion of the molecular interaction in spherical
harmonic functions of R/R proposed in Ref. 10 is in principle correct
and in agreement with the symmetry of the A phase. However, since
the interaction strengths A, B, C and D, l.c., poorly defined and not
calculated at all, are given the sign and weight that suit the purpose,
the discussion of the results has no physical significance.

The A-C phase transition described in section 1V is thermody-
namically consistent; at the transition the entropy changes due to the
onset of a new element of order described by (y,, z,) = (Q). The
tilt of the director, proportional to ¢q,,q,, * c’p* sina cosa, g, —
3 4q,, = q.,, depends on the existence of this order parameter, which
determines the temperature dependence of the tilt. The quadrupole-
quadrupole interaction, considered to be responsible for the phase
transition, is only effective in the layered structure of the smectic
phase. This interaction accounts for the interaction of all dipoles of
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one molecule with all dipoles of another, regardless of their relative
position; there is no selective interaction and no need for perfect
smectic and orientational order. To estimate the order of magnitude
of the interaction energies involved we take pv,, = pvy(a/b)* = 0.6
*10 = 6,I=10eV = 671 107 erg, that is py, I = 107" erg.

With (a/a®)? = 2 - 10~ 4 and (8/a)? = 1/3 we find that (V,) ~ (¢Cy7?
+ C0%) 107 erg. With I' = 2q,, = 2p sina (¢ + 2d cosa) =
plc + d)=pa=gq,,p = 2D and a = 20A we find that (V) =
C, (cQ)*. 107 erg. Both values are physically acceptable and rea-
sonable. It has been shown already that a number of the existing
theories of the A-C phase transition are not adequate to that pur-
pose.? One of the reasons is that in a mean field approach the tilt
angle w cannot be considered as an order parameter, responsible for
the phase transition: the entropy is independent of w. Consequently
the theory of the A—C phase transition in Ref. 13 cannot be correct
either, which indeed is easily demonstrated. The expansion coefficient
o, being proportional to {cosgRy) - (cosqR zp,(cosB)) = 1o cannot
possibly, despite the claim, be identified with the coefficient « =
a’((T'Ty) - 1), T, = Tg, . of the Landau expansion of the free
energy of the smectic C phase; c.f. Egs. (64), (72) and (73) l.c.
Moreover there is the remarkable fact that the underlying interaction
5B, introduced in [11] to stabilize the A phase, is taken over with
the opposite sign to produce a tilt of the director with no stable A
phase at the base.

The introduction of the translational entropy S, (w) in Ref. 17,
albeit in a rather simple way, the pair excluded volume being rep-
resented by an area in a perfectly organized smectic layer with v =
o = m = 1, at least guarantees the stability of the A phase within
the model. The driving force for the A-C phase transition, named
(3J10 + 5J50)0%w? and originating from the unspecified interaction in
Ref. 10, has not been shown to be negative, a necessary prerequisite;
c.f. Egs. (4.5), (4.10) and (4.11) l.c. This term, however, is the
equivalent of the additional contribution (3V, (»)) defined in Eq.
(43), which, being positive, stabilizes the A phase; there is no A-C
phase transition.

Finally the translational entropy S,, (w) mentioned above was first
introduced in Ref. 18 not to stabilize the A phase but to drive an A-
C phase transition. The gain of translational entropy, however, is
defined with respect to an assembly of ellipsoidal molecules, restricted
to moving on one plane, with no common direction of average align-
ment; the director is apparently everywhere identical with the unit
vector e = * % cose + (Xcosd + ysind) - sine along the long axis



Downloaded by [Tomsk State University of Control Systems and Radio] at 13:20 19 February 2013

THE SMECTIC A AND THE SMECTIC C PHASE 439

of each individual molecule; the fixed angle € describes a random tilt
of the molecules with (cosd) = (sind) = 0. The discussion of a phase
transition then only makes sense when it is shown that this exotic
picture of an A phase, with no properly defined degree of orienta-
tional order, corresponds to a thermodynamically stable phase.
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Appendix A

The orthogonal transformation of the macroscopic coordinates X, Y,
Z to the molecular coordinates x, y, z is quite generally described by

X X, X, X, X
Y = Yx Yy Yz = [Aii] y (Al)
z zZ, 7, Z, z

Here X, = xy = Ay, X, = yx = Ay, etc. are the direction cosines
of the X-axis with respect to the x(y)-axis. Since

Z Aiink = Z AjiAki = 8jk (A2)

there are three independent elements, which indeed corresponds with
the description of the A, in terms of the Euler angles ¢, & and ¢ that
is

(Al

cos cose cosY — sindssing, — siny cosp cos¥ — cosbsing, cose sind
cosdi sing cos¥ + sindicose, — simlsing cosd + cosi cose, sing sind
— cosys sind , singsind , cost
(A3)

In order to express the tensor components (XX) etc. in terms of the
(xx) etc., it is convenient to use for A; the representation given in
Eq. (A1). Then for instance the transformation

(XX) = (xx) x5 + Oy) i + (22) 7%
=300 + y)(% + y%) + 2((x) — Oy — %) + (22) 2%
= 4(ex + yy + 22) + (22)(% — 3) + 0x + yy)k +yx — )

+3(ex - yy)% —y%) (A4
can, using the relations

Gt =12
225 =24+1-23 - 2% (A5)

2 -2k = (L -2 - ) - 0k + 1= 05— ¥)
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, which follow from Eq. (A2), and the definitions, c.f. Eq. (5),

Hxx + yy + z2) = ol
(zz) = 3(xx + yy) = 312 (A6)

(xx — yy) = el
be written in the physically appealing form
XX) = al'? — 331"([z3 — 3] — [z% - z3
(XX) ([zz = 3] = [k = 73] (A7)
A = 3] - 16— 5+ 0h - 93D
The bracketed terms are rotational invariants which correspond to
the various symmetries of the orientational order; these symmetries

are clearly reflected by the definitions in terms of the corresponding
direction cosines. The invariants

2% — 3 = cos’d — 1 = % Pycosd) = 1, (A8)

Il

cos 2¢ sin*d = §,, (A9)

Xz =¥z
being defined with respect to the Z-axis only, correspond to uniaxial

orientational order with respect to that axis; the local biaxiality
x% — y% is compatible with this symmetry. The additional invariants

7% — 23 = cos 2¢ sin?d = S, (A10)

X% — X3 + y¥ — yx = cos 2¢ cos 2¢(1 + cos?d) =2 S,, (All)

being defined with respect to the X- and Y-axes, are only relevant
when the orientational order is biaxial on a macroscopic scale. The
procedure for the transformation of (XX) as shown in Egs. (A4-7)
can equally be used for all other tensor components. Considering
only the relevant ones we find

(YY) = ol — 38I"(S, + 1S;) — 1el3(S, + 2S) (Al12)
(ZZ) = ol + BI'ZS, + z€l'2S, (A13)
yielding

ay = (XX + YY + ZZ) = 3al'? (A14)
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3, = (ZZ) — XX + YY) = 3I'7S, + 3el'2S, (Al3)
€, = (XX — YY) = 3128, + €I'2S, (A16)
and

(YZ) = (y2) yyz; + B31'%z52, (A17)

Appendix B

The second-order perturbation energy V(pg) = Vi, Vi/  where

Vil and Vil are defined in Eq. (1), can be written as®:

V(pq) = *((XB)((X,, B’ ‘yl) Cuu' (DBB/y’ + %SBIV'RBRMS) (Bl)
where

(aB)(a'B'Y) :2 <Olpalv>i <V[PBi0>i (0[[7.;"}1‘):‘ <H’qB’y’|O>j Evp,()() (B2)

Vo
and
Dygryr = %RV,(ZSBB, -~ SRBRB,R‘z)R‘-‘. (B3)

The molecular field V*(€), R’) = p JdR/ [dQY f(QV, RV, is then
determined by the integral

Jl; dd (aB)a', By )N Dggryr + %Sp’y’RaR‘s) (B4)

which is the analogue of Eq. (10). The integration of all separate
terms yields after a lengthy calculation the result that in Egs. (11),
(12) and (13) € + x5y is effectively replaced by

€ + Xy + [e/(X, XZ - Y, YZ) - {Z,ZX — Z.ZY))
+ xx( X, YZ + Y, ZX — Z, XY)]| 2R, - R™* (BS)
The additional terms in Eq. (15) due to this replacement are then

determined by the average value of the P, (R/R), n = 0,2, 4, defined
according to Eqs. (16) and (17) with however R ~®replaced by R,R ~*.



Downloaded by [Tomsk State University of Control Systems and Radio] at 13:20 19 February 2013

THE SMECTIC A AND THE SMECTIC C PHASE 443

Then the third-order tensor elements (X, YZ) etc. can be transformed
to the corresponding tensor elements (x, yz) etc. as prescribed in
Appendix A, yielding the results presented in Refs. 3 and 19.

Appendix C

To show the w dependence of the C, in a tilted configuration we use
Egs. (41) and (40) for RZ and RZ + R*(R,) respectively to recalculate
¢y and c(m).

To start with Eq. (27) for ¢, one easily finds using Eq. (41)

a’ L dR;R*. cos(2wR,/d)

co(®)

J dx (1 — e sinw) 2. x % cos 2mx
1

= (1 + je sinw)c, (ChH

Here we have used the abbreviation e = (1 — b%a?) and neglected
higher order terms. For the calculation of c(m, ) it is convenient to
write Eq. (40) in the form

RL + r(Ry) = (1 + o + BeS? + yeS)b2 = R (C2)
and to define
R2 = (1 + a + BeS? — yeS)b? (©3)

where S = sin?w and

2
'l+a='l+<%—l>x2

() e
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Then we have

RZ™. cos(2mR/d)

2 2
R 4§m+ )

+d
c(m, w) = ia° f_ddRZ

L[ RL + RL
= ia? J(; dRZ (W Rzé . COS(2TrRz/d)

2(m+2) 1

a ind nl

= <E> (1 — esH)Emrbe J' dx x*. cos 2mx
0

m+2 m+2

(1+a)'"+2+< 1 )(l+o¢)”‘+'BeSZ+< 2 )(1+0L)’"‘y2e252

2(m+2 2B _ -YZE
(1 +a)™ )(1 + (m 1+ 2) (———1 o dtay a)z)eSz)

a Am+2) 2m+1 5
:<5) .(1_( : )eS)c(m) (CS)

m+ 2

Lo (m + 2)B m+2)+( 2 ), ,
+ J'()dl < (1 + a)m+3 + (l + Q)m+4 Y€ €S* cos 2mx

After substitution of Eq. (C1) and (CS) in Eq. (26) it is easy but
tedious to show that the §,, n = 0, 2, 4 introduced in Eq. (42) are
given by

Sy = (1 - ?) [—0.096 + (%) (4 b(0, 2) + b(0. 3)

+ 4b(2,3)) — 3 (%) (b(2, 3) + b(2, 4))] (C6)

b> a ! | 1
S, = (1 - ;5) [—0.048 - (5) (G 6(0,2) + 3 6(0, 3)

[

b

- 3(%) ( b4, 4) + 2b(4,5)>] (C7)

+2b(2,3)) + 3 ( ) (b(2, 3) + b(2,4) + 3 b4, 4)
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S, = (1 - g) [— 0.006 + 3 (%) (2 b(0,2) + b (0,3)

v 4b(2,3) - B (g) (b(2,3) + b (2, 4) + 52 b4, 4))

a

+ % <B> (535 b(4, 4) + 620 b(4, 5) + 840 b(6, 5))

a

_ (B) (105 b (6, 5) + 175 b(6, 6))}

Here b (n, m) is a shorthand notation for the integral

x® cos 2mx

()

b(n, m) = L] dx

445

(C8)

(C9)





